4

AD=AO7& 090 MASSACHUSETTS UNIV AMHERST DEPT OF MATHEMATICS AND S=--ETC F/6 12/1
ON THE UNIFORMLY MINIMUM VARIANCE UNBIASED ESTIMATORS OF THE VA=—=ETC(U)
JUL 79 R M KORWAR F§9620-79-C-0!05
UNCLASSIFIED TR=-3 AFOSR=TR=79=0979

END
DATE
FILMED

10 —78
poC




rrrriz;g,-;
FEE
FE
N O

{dddd o
A 5

||||| Y L
=
|||I| 2=y IEY I3y

MICROCOPY RESOLUTION TEST CHART



et
3

}
7
5!

V.
0001 | o

/Arosejmr—7

O e 4p7s |

r S "‘"“""'"\»vm.«.w-..-_,.“‘,- o

oo e Ao 7
IRE ‘/

/
ASED ESTIMA

ON THE UNI}*ORMLY MINIMUM \:\RJ ANCE U"'R
OF /

Of‘ THE VARIANCE AND I'TS RECIPROCA!
AN ,INVERSE GAUSSIAN DISTRIBUTION 3
o 2 - /
o ————r. v e ——. .7
g '3 ‘)\'
quk . .));*-‘
7 Ramesh M./Korwar “
B "‘*l*“ __k! L_/
/A 4//4’ //
o .'.}wa : "

AFOSR Technical Report

L —————

/

‘ Jlll&, 079
The University of Massachusetts

Department of Mathematics and Stati
Amherst, Massachusetts

e

1
Research spons rce Office of Scientific Research, AFSC, USAF, :
under Lont#%ff;fn?%ZE -79- C-?]E:z 44;
Approved for public releuse; /&)
\ T — , unlimited, ,




On the uniformly minimum variance unbiased estimators
of the variance and its reciprocal of

an Inverse Gaussian distribution

Abstract

The two-parameter Inverse Gaussian distribution is found to have
useful applications in a wide variety of fieids. The uniformly
minimum variance estimator of its mean is known and is the sample
mean. However, no such estimator of the variance is reported in
literature. Here the uniformly minimum variance unbiased estimators

of the variance and its reciprocal are derived.
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On the uniformly minimum variance unbiased estimators
of the variance and its reciprocal of

an Inverse Gaussian distribution

1. INTRODUCTICN

The Inverse Gaussian distribution was introduced by Schrddinger

(1915), and has been studied extensively by many authors,pionecred
by Tweedie (1945, 1956, 1957a, 1957b), and Wald (1945). The distri-
bution is found to have useful applications in a wide variety of
fields, such as biology, economics, medicine, and reliability and life
testing. See the recent review article by Folks and Chhikara (1978)
and discussion on it.

Using Tweedie's notation the probability density function of an

Inverse Gaussian random variable X is given by

3
(A/wa3)2 exp {-,\(x-u)2/2u2 %xbs X321

f(X; USA)
(1.1}

0 , otherwise

where u,A are both positive. As far as estimation of the parameters

u and X 1is concerned, it is known that the sample mean is the

uniformly minimum variance unbiased estimator of the mean p of X.




However, no such estimator has been obtained in literature for
the variance u3/A . See Folks and Chhikara (1978). Theorem 1
below gives this estimator, and Theorem 2 gives the uniformly

3

minimum variance unbiased estimator of the reciprocal )/u~ of

the variance.

2. THE ESTIMATORS AND THEIR DERIVATIONS

Let X],...,Xn(n > 2) be a random sample form (1.1), and X

n
be the sample mean, and VvV = I [ %— - %;J . Then
i=1 i

Theorem 1. The uniformly minimum variance unbiased estimator of

the variance of (1.1) is given by for n > 3

2

T(X],...Xn) = X< (1 +0)

where U is given by

=
1 n-2-2r VX +n| 2 n l
. SN B G - T
VX VX }




d

e A
o s LR ST P R RIS g e

where k = (n-3)/2 if n ids odd = (n-4)/2 if n even, and

W= 2tan” /(VX)/n if n s evenand =7 if n is odd, and
where B(p,q) is the usual beta integral. And for n = 2 the

estimator is given

X3y

VX + 2

T(X] ,X2) =

Proof: It is known that the statistic (X, V) 1is complete and
n
sufficient for the family (1.1). The sample variance s? = 3 (Xi—i)z/(n-l)
i
is unbiased for the variance 02 = u3/A . To finish the proof for

2

the case n = 2, we apply the Lehmann-Scheffé Theorem to S° and

note that 52

= 2X 3v/(VX + 2)

The proof for the case n > 3 s however more involved.
For an application of the Lehmann-Scheffé Theorem using 52, we need to
compute the conditional expectation of Xf given (X, V) . The
conditional density h(x]li}v) of X, given (X, V) is derived

in Chhikara and Folks (1974) in a different context. It is given

by, for n>3 ,




where L < Xy < U and L and U are the two roots of the

quadratic equation n(x] - 12 = vxﬁ(n? - x])

Now letting

u = (x-x)/{vxxy (nx - x])}l/2 in (2.2) we obtain after some

simplifications,
2~ —2  gln-1)nx°
E(X]]x,v)= g - =k =
gll, n-2
27 1.2

H=q
7l (l-uz) du




To evaluate the integrall in (2.4) , first write the integrand as

k

r-1

—— k_r —
Xx+n 2 vx +n
VX } (1-u%) T

2 ; vi't_n
r=] VX

where k = (n-4)/2 if n is even and = (n-3)/2 if n is odd.

¥
H
i
&
£
K
5
§
£
{8
s
§

(In deriving(2.3)use is made of the fact that x = nx(2 +v§h2)/2(n+viu2)
+g(u), where g is an odd function of wu.) Now to finish the proof

use{2.5) in (2.4)and standard integrals, and note that E(S“|X,v)

= n E(x§|§',v)/(n-1) - 2% 2 tn-1) .

Theorem 2: The uniformly minimum variance unbiased estimator

of the reciprocal of the variance of (1) is given by, for n > 4 |

(2.6)

: -3) 6 3 v
T(x 90 ,x ) = K{l—_““ - L .
] il X2 pfx (-1)

Proof: The unbiasedness of (2.6)follows from the expressiors

for negative moments about zero of an Inverse Gaussian distribution
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given by Tweedie (1957a) and the facts that (i) X and V are

independent and that (ii) X has an Inverse Gaussian distribution
with parameters (u, nA), (iii) A V has a chi-square distribution
with (n-1) degrees of freedom. An application of the Lehmann-
Scheffé Theorem to(2.6)using the fact that (X, V) is complete

as well as sufficient finishes the proof.
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